Abstract. It is shown that there are no simple mixed modules over the twisted N = 1 Schrödinger-Neveu-Schwarz algebra, which implies that every irreducible weight module over it with a nontrivial finite-dimensional weight space, is a Harish-Chandra module.
Introduction
The Schrödinger-Virasoro type Lie algebras and their supersymmetric counterparts are closely related to mathematics and physics. The Schrödinger-Virasoro algebra was originally introduced by M. Henkel in 1994 during the process of trying to apply the concepts and methods of conformal field theory to models of statistical physics (see [2] for reference). The deformative counterparts were introduced in [8] and their supersymmetric extensions were investigated in the context of supersymmetric quantum mechanics. Schrödinger-NeveuSchwarz Lie superalgebras sns (N ) with N supercharges were introduced in [3] generally, which appear as a semi-direct product of Lie algebras of super-contact vector fields with infinite-dimensional nilpotent Lie superalgebras. The twisted N = 1 Schrödinger-NeveuSchwarz algebra tsns (introduced firstly in [3] ) is an infinite-dimensional Lie superalgebra over C with the basis {L n , G r , Y p , M p , c | n ∈ Z, r ∈ 
It is easy to see that tsns is Z 2 -graded with tsns = tsns0 ⊕ tsns1, where
The Cartan subalgebra (exactly the maximal toral subalgebra) of tsns is h = CL 0 ⊕ CM 0 ⊕ Cc. It should be noted that tsns0 is precisely the well-known twisted Schrödinger-Virasoro Lie algebra and the subalgebra ns spanned by {L n , G r , c | n ∈ Z, r ∈ 1 2 + Z} is the N = 1
Neveu-Schwarz algebra. Denote I = I ⊕ c with
Z}. It is easy to see that both I and I are ideals of tsns.
An h-diagonalizable module over tsns is usually called weight module. If all weight spaces of a weight tsns-moudule are finite-dimensional, the module is called a Harish-Chandra module. We introduce the following notations:
Then tsns admits the following triangular decomposition:
For any irreducible weight tsns-module V , L 0 , M 0 and c must act as some complex numbers on it. Furthermore, V has the weight space decomposition V = ⊕ λ∈C V λ , where 
Z.
An irreducible weight module V is called a pointed module if there exists a weight λ ∈ C such that dim V λ = 1. The following natural problem was firstly referred in [10] : Problem 1.1 Is any irreducible pointed module over the Virasoro algebra a Harish-chandra module?
An irreducible weight module V is called a mixed module if there exist λ ∈ C and k ∈ Z * such that dim V λ = ∞ and dim V λ+k < ∞. The following conjecture was given in [6] : Conjecture 1.2 There are no irreducible mixed modules over the Virasoro algebra.
The positive answers to the above question and conjecture were given in [7] . Such question and conjecture have already been solved on the truncated Virasoro algebras, the Walgebra W (2, 2), the twisted Schrödinger-Virasoro algebra, the twisted Heisenberg-Virasoro algebra and the Neveu-Schwarz algebra in [1, 4, 5, 9, 11] . In this note, we also give the positive answers to the above question and conjecture for the twisted N = 1 Schrödinger-Neveu-Schwarz algebra. Our main result is the following:
Z. In other words, for any irreducible weight tsns-module V , the condition that there exists some λ ∈ C such that 0 < dim V λ < ∞ implies that V is a Harish-Chandra module. Then there are no irreducible mixed tsns-modules.
Throughout this paper, we respectively denote Z * , Z + , Z − , Z + and Z − the sets of the nonzero, positive, negative, nonnegative and non-positive integers.
Proof of Theorem 1.3
We first recall a main result about the irreducible weight Neveu-Schwarz-modules given in [11] , which we cited here as the following lemma:
Z} is a nontrivial ideal of tsns, IV is a submodule of V for any tsns-module V , which gives the following lemma (such lemma was not used in [11] ). Lemma 2.2 For any irreducible weight tsns-module V , we have IV = 0 or IV = V .
For any irreducible weight tsns-module V , if we can prove IV = 0, then V will degenerate to be an irreducible weight ns-module. Then Theorem 1.3 follows from Lemma 2.1 in this case. Denote the universal enveloping algebra of tsns by U( tsns). For any irreducible weight tsns-module V , if there exists some 0 = v ∈ V such that Iv = 0, then U( tsns)v = V . And the following lemma follows: Lemma 2.3 Assume that V is an irreducible weight module over tsns. If there exists some 0 = v ∈ V such that Iv = 0. Then I acts trivially on V and V is simply an irreducible weight module over ns.
It is easily to see that {G
} respectively generate tsns + and tsns − . Then the following lemma follows from the fact that both highest and lowest weight tsns-modules are Harish-Chandra modules (similar to the Virasoro algebra case investigated in [7] ).
Lemma 2.4 Assume that there exists µ ∈ C and a non-zero element v ∈ V µ , such that
Then V is a Harish-Chandra module.
Proof
Assume now that V is an irreducible weight tsns-module such that there exists λ ∈ C satisfying dim V λ = ∞. Denote the set
Lemma 2.5 For any λ ∈ C satisfying dim V λ = ∞, there are at most two adjacent elements in S λ . For convenience, we can suppose S λ ⊆ { + Z.
Let W be the intersection of the kernels of the linear maps X 1
2
:
and
and the given brackets, we obtain
Z >0 . We claim that q > , q > 1 and q ∈ Z.
, · · · , p ∈ The following lemma can be easily verified, partially given in Lemma 2 of [11] .
According to Lemma 2.5, we can assume V is an irreducible weight tsns-module such that there exists some µ ∈ C satisfying dim V µ < ∞, dim V µ+
Lemma 2.7 µ ∈ {−1,
Proof Let U be the intersection of the kernels of the linear maps X 1
would be a Harish-Chandra module by Lemma 2.4.
Lemma 2.6, we obtain (
simply a ns-module. Then we can use the same discussions as those given in Lemma 3 of [11] , and have the following observations:
Then the lemma follows.
According to Lemma 2.7, any irreducible weight tsns-module V possessing only two different finite-dimensional weight spaces can be assumed to be of the following type:
Without loss of generality, we will just prove that this case can not happen, which can be formulated as the following lemma:
Proof Let W be the intersection of the kernels of the linear maps X 1
According to the following facts:
we can prove the following identities:
Recalling the following identities:
we can obtain the following identities:
Then combining (2.1) and (2.2), we arrive at the following identities:
Using the above obtained results, we can prove the following identities:
We claim that G 
According to the following identities:
we can deduce the following results:
The identities given in (2.4), imply
], (2.5) and (2.6), we can deduce
which together with (2.5) and (2.6), gives
Then recalling Lemma 2.3, we can finally deduce that Y p , M p act trivially on the whole V for all p ∈ 1 2 Z and V is simply an irreducible weight module over ns. Then this lemma follows from Lemma 2.1. By Lemmas 2.5, 2.7 and 2.8, we get the following lemma immediately.
Lemma 2.9 There is at most one element in S λ .
According to Lemma 2.9, we can suppose there exists some p ∈ 1 2 Z * , such that dim V λ+p < ∞. For convenience, we denote λ + p by µ in the following lemma. Lemma 2.10 S λ = ∅.
Proof According to our suppose, we know dim V µ < ∞ with µ ∈ S λ . Let W be the intersection of the kernels of the linear maps X 1 2 : V µ− 
Recalling our suppose that dim V µ < ∞, we claim that there exists some nonzero element v ∈ G 3 2 W such that
According to (2.8), we also know that
10)
The following identities hold: + Z, from which we can deduce
Combining (2.10) and (2.12), we arrive at the following result:
The identity M p v = 0 for all p ∈ Z and V is simply an irreducible weight module over ns. Then this lemma follows from Lemma 2.1.
Then Theorem 1.3 follows immediately from Lemma 2.10.
